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I will give an update on progress in the study of Weihrauch degrees since the survey [7] in
2017, and the Dagstuhl meeting in 2018 [3], and highlight some open questions. No claim
of completeness or impartiality is made – I would be grateful to be alerted about omissions,
though.
Algebraic structure of the Weihrauch degrees In logical terms, the algebraic structure
of the Weihrauch degrees is (W; 0, 1,⊤;⊓,⊔,×, ⋆,→,∗ , ̂,⋄ ), with the constants 0, 1, ⊤ being
vacuously true, true and false respectively. The ⊓-operator is or, and ⊓, ×, ⋆ are all logical
ands, the additive, multiplicative and sequential and respectively. The right-residual to ⋆ is →,
we do not have additional implications. The unary “bang” operators ∗, ̂,⋄ provide access to
finitely many parallel instances, countably-many parallel instances and finitely-many consecutive
instances. A persistent open question on these operations was recently solved:
Theorem 1 (Westrick [38]). 1 ≤W f and f ≡W f ⋆ f , iff f ≡W f
⋄.
Open Question 2. What can we say about Th(W; 0, 1,⊤;⊓,⊔,×, ⋆,→,∗ , ̂,⋄ )? Is its quantifier-
free part finitely axiomatisable? What about fragments of the signature?
Another line of questions concerns definability of operators from others. As supremum and
infimum, we know ⊔ and ⊓ to be definable in terms of ≤W. It is easy to see that
∗ is definable
from 1, ≤W and ×, in very much the same way that Westrick’s result has shown
⋄ to be definable
from 1, ≤W and ⋆. By definition,→ is definable from ⋆ and ≤W. What other definability results
can we obtain? In particular, is ̂ definable from the rest of the structure? What about the
jump of Weihrauch degrees (cf. [6])?
Brattka and Gherardi introduced the notion of completion of a Weihrauch problem, and
showed that the parallelizable complete Weihrauch degrees form a Brouwer algebra [4, 5]. Goh
has provided some clarifications on how the composition ought to be defined [21].
Off the beaten track There is a canonic scaffold of familiar degrees in the Weihrauch lattice,
the closed choice principles and the levels of the effective Baire hierarchy, which has served well
for many classifications of computational problems. Recently however we have also studied some
Weihrauch degrees that lie very much not in this explored part of the lattice. One such example
is found in overt choice for incomplete countably-based spaces. This principle is given overt
(aka positive) information about a closed subset, and needs to output a point in this set.
Theorem 3 (de Brecht, Schro¨der & P. [9]). Let VCQ denote overt choice on the rationals. Then
1. If f : X⇒ N satisfies f ≤W VCQ, then f is computable.
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2. VCQ is non-uniformly computable.
3. VCQ W CR
For overt choice VCX for non-Fre´chet-Urysohn coPolish spacesX we only know that LPO ≤W
VCX ≤W ̂(isEmpty : A(NN)→ S) – which is perfectly compatible with VCX being a familiar
Weihrauch degree, and is a remarkably weak classification.
Open Question 4 (de Brecht, Schro¨der & P. [9]). Can we classify overt choice for non-Fre´chet-
Urysohn coPolish spaces more precisely?
Another example for this is found in the principle DS that takes as input a linear order with
a descending sequence, and then finds such a sequence. This principle sits, in a sense, beside
the Baire hierarchy, as revealed by the following theorem:
Theorem 5 (Goh, P. & Valenti). 1. lim <W DS <W CNN
2. UCNN |WDS
3. If f : NN → NN is a function with f ≤W DS, then f ≤W lim
Open Question 6. Does C′{0,1}N ≤W DS hold?
An either-or power of Ramsey’s theorem Let NON : {0, 1}N ⇒ {0, 1}N be defined as
q ∈ NON(p) iff q is not computable relative to p. The following shows, in a sense, that Ramsey’s
theorem for pairs has both the power to force non-computable solutions, and to exhibit functional
discontinuity – but it cannot do both at once:
Theorem 7 (Dzhafarov, Goh, Hirschfeldt, Patey & P. [15]). NON× LPO W RT22
A negative answer to the following would also imply the celebrated separation WKL W RT22
by Liu [32].
Open Question 8. Does NON× LLPO ≤W RT
2
2 hold?
Belated closure under composition It may seem intuitive that natural Weihrauch degrees
should either be closed under composition, or more and more iterations should give ever increas-
ing power. We do know a few counterexamples to this. Let AoUC be the degree of finding a
solution to bx = a where 0 ≤ a ≤ b, and let List{0,1}N be the problem “given a countable closed
subset of Cantor space, find an enumeration of its elements”. We know:
Theorem 9 (Kihara & P. [28]). AoUC∗ <W AoUC
∗ ⋆ AoUC∗ ≡W AoUC
⋄.
Theorem 10 (Kihara, Marcone & P. [27]). List{0,1}N <W List{0,1}N ⋆ List{0,1}N ⋆ List{0,1}N ≡W
UCNN .
Theorem 11 (Goh, P. & Valenti). DS <W DS ⋆DS ≡W CNN .
Open Question 12. Is there a square-root operator on the Weihrauch degrees?
Open Question 13. Does List{0,1}N ⋆ List{0,1}N ≡W UCNN hold?
Open Question 14. Is there any natural problem (e.g. from linear algebra) in the Weihrauch
degree AoUC⋄?
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Separation techniques To make proving the non-existence of reductions more feasible, tech-
niques that instead let us prove positive results are very useful. One such technique is based on
the recursion theorem:
Theorem 15 (Kihara & P. [29]). LetX have a total precomplete representation. Let f : X⇒ Y
and g : U ⇒ V be such that there exists a computable e : U ×M(V,Y) ⇒ X such that if
x ∈ e(u, k) and v ∈ g(u), then k(v) * f(x). Then f W g.
Analogues to ATR0 Since its beginnings, Weihrauch complexity has drawn heavily on reverse
math for inspiration and adaptable proofs. Analogues to four of the “big five” are readily
available (although Π11−CA was only recently considered by Hirst [25]), but the picture around
ATR0 is more complicated. Recently, these part of the Weihrauch lattice has been explored by
Kihara, Marcone and P. [27], by Angle´s d’Auriac and Kihara [1], by Goh [22] and by Marcone
and Valenti [34]. Some of the open questions from [27] were already answered in [1] and [22],
but the following remains open (see [27] for definitions):
Open Question 16. What is the relationship between Det2 and PTT2?
Classifications of specific principles Many specific principles have been recently classified
in the Weihrauch lattice, and there is no short supply of further challenges here. Dzhafarov,
Flood, Solomon and Westrick classified some variants of the Dual Ramsey Theorem [14]. Mar-
cone and Valenti have explored the open and clopen Ramsey theorems [34]. Of the questions
raised in [34], we draw attention to:
Open Question 17 (Marcone & Valenti [34, Question 6.2]). Does Σ01−RT ≤W CNN hold?
Davis, Hirschfeldt, Hirst, Pardo, P. and Yokoyama studied the principles that infinite se-
quences over a finite colour supply have an eventually repeating respectively and eventually
constant tail regarding colour occurrence [12]. Fiori-Carones, Shafer and Solda` studied the
Rival-Sands theorem [17], and proved it to be equivalent to WKL′′. The operation of finding a
projection of point to a closed (or overt) subset of Rn was classified by Gherardi, Marcone and
P. [20]. Depending on the dimension, and whether the set being projected to is given as closed,
as overt or as both closed and overt set, various closed choice principles appear as degrees here.
Kohlenbach has studied the Weihrauch degree of the modulus of regularity, used to establish
convergence rates in convex optimisation [30]. At the first Dagstuhl seminar on Weihrauch re-
ducibility, Fouche´ had asked about the Weihrauch degree of Fourier dimension (cf. [8]). The
answer was provided by Marcone and Valenti [33]. Crook and P. obtained some results on the
degree of finding zeros of polynomials [11].
Connections to proof theory To what extent a Weihrauch reduction between two theorems
can be related to the provability of one of the theorems from the other in a suitable proof system
has been a focus of investigation for a while now, with Kuyper reporting initial results in [31].
Recent progress has been reported by Fujiwara [19, 18], Uftring [37] and Hirst and Mummert
[26].
Fine structure of the Weihrauch degrees Hertling [24] has extended the characteriza-
tion of continuous Weihrauch reducibility for functions of certain types. Adapting this to also
cover the usual Weihrauch reducibility seems a challenging task. Westrick pointed out that we
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lack even a clear picture of the Weihrauch reductions between functions with a single point of
discontinuity (cf. [3]). A potentially related question was raised by Nobrega and P. :
Open Question 18 (Nobrega & P. [35]). What is the Weihrauch degree of obtaining a point
of discontinuity of a function from a Player I winning strategy in the Wadge game for it?
It is known that a computable winning strategy implies the existence of a computable point
of discontinuity, but not whether there is a uniform argument to establish this.
Connections to DST Day, Downey and Westrick showed that Bourgain’s α-rank can be
characterized via Weihrauch reducibility [13].
Implementation in Coq Steinberg, The´ry and Thies demonstrated the feasibility of doing
computable analysis in Coq by implementing some sample results, including the Weihrauch
separation CN W id [36].
Work inspired by Weihrauch reducibiliity Greenberg, Kuyper and Turetsky [23] explored
an abstract scheme relating computability theory to the study of cardinal invariants inspired
by Weihrauch reducibility. Carl explored using an OTM-variant of Weihrauch reducibility to
compare the strength of axioms over ZF [10]. Dzhafarov, Hirschfeldt and Reitzes considered a
notion akin to Weihrauch reducibility relative to models of RCA0 (or other theories) [16]. Bauer
and Yoshimura introduced the notion of instance reducibility, a special case of which are the
extended Weihrauch degrees (which include representatives of false theorems, too) [2].
Open Question 19. Is there a clear picture of how the additional degrees in the extended
Weihrauch degrees relate to the Weihrauch degrees?
Open Question 20. What are some examples of interesting extended Weihrauch degrees of
false statements, and how do they relate to the usual scaffolding Weihrauch degrees?
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